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A model of describing the diffusion phase growth from point sources
inside polycrystals grains is regarded. Analytical method to solve
differential diffusion equations for such model is suggested. Analytical
method to solve differential diffusion equations of describing the growth of
the phase wedge during the intermetallic compound formation with a
narrow concentration range of homogeneity in bicrystals is proposed.
Parabolic, cubic, fourth power diffusion regimes for different scales from
nanometers to micrometers and millimeters are analyzed.
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KaHOuOam bisuko-mamemMamuyHuUx HayK, doueHm SpmosieHko M. B.
MamemamuyHi Memodu onucy pocmy rpoMikHOI ¢ha3u / Kuiscbkul
HauyioHanbHuUU yHieepcumem mexHosozit ma dusauHy, YkpaiHa, Yepkacu

Posensadaemsbcsi  MoOenib, sKa Onucye KiHemuKky YmeOopeHHS
IHmepmemarnegoi  ¢asu 3  mMo4Yykogo20  Oxepera  8cepeduHi
nonikpucmarniyHux 3epeH. [lpornoHyembcsi 8i0nogiOHUU  aHanimu4yHuUU
MemoO po3e’a3yeaHHs OugbepeHuiaribHO20 PIBHSIHHSA makoi Mooerii.
[porioHyembcs aHanimu4yHUU Memod po3e’s3yeaHHs OughepeHyiaribHo20
PIBHSAHHA, sIKe Orucye KiHemuky YymeopeHHs iHmepmemarnesol ¢hasu
83008 epaHuui Mi>k 3epHaMu 3 0OHOYaCHUM MPOHUKHEHHSIM y caMi 3epHa.

AHanizytombcsi  OUQy3itHi  pexumu  (napabornidyHud, Ky6i4yHud,
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yemeepmoz2o cmerieHs) Orsi pi3HUX macwmabie: 8i0 HaHoMemposoao 00
MIKpOMempoe0o20 i MifliMempo8oe2o.

Kntoyosi  crosa:  Ougbysis, peakuii, 3akoH pocmy  hasu,
IHmepmemariesi criosfiyku, MixkegbasHi 2paHuuj.

KkaHOuOam ¢bu3zuko-mamemMamu4yHUX HayK, doueHm SpmorneHko M. B.
Mamemamu4eckue mMemoObl onucaHusi pocma fpoMeXymo4yHou ¢hasbl /
Kueseckuli HauuoHarnbHbIU yHU8epcumem mexHonoaul u Ou3alHa,
YkpauHa, Yepkacchi

Paccmampusaemcss Modenib, Komopasi orucbieaem KUHEMUKY
obpas3osaHusi UHMepPMemarnsu4eckoeo COEeOUHEHUSI U3 MOYeYHO20
UCMOYHUKa 6Hympu rofuKpucmarnnudyeckux 3epeH. [Ipednazaemcs
coomeemcmesyrouwuu aHanumuyeckuu Memoo peweHust
oupgbepeHyuanbHo20 ypasHeHUss makou modenu. [lpednazaemcs
aHanumu4eckuli memod peweHus OuggepeHyuaribHO20 YypasHEeHUs,
Komopoe oriucbisaem KUHemMuUKy obpa3ogaHus UHMepMemarsu4eckKo2o
coeOuHeHuUs1 800/b e2paHuubl Mex0y 3epHaMu C OOHOBPEMEHHbLIM
MPOHUKHOBEHUEM 8 caMu 3epHa. AHanusupyromcs Ouggy3UOHHbIE
pexumsbl (napabosnudeckud, Kybudeckul, 4emeepmol cmerneHu) Ons
pa3Hbix Mmacwmabos: om HaHoOMempu4yeckoao 00 MUKPOMEeMmMpPUYeCcKoa0 U
MUNIUMEMpPOB8020.

Kntouesbie cnosa: Ougghy3usi, peaKkuyuu, 3akoH pocma ¢basbl,

UHmMmepmemariiu4eckue COEOUHEHUH, Me)Kd)a3Hble epaHuubl.

1. Introduction

The Kirkendall effect and phase formation kinetics during solid state
reactions were analyzed in [1] using experimental results in the diffusion
region of Zn-Cu alloy. This system has several intermediate phases : -
brass, concentration of Zn is about 50%; y-brass, concentration of Zn is

about 68%; e-brass, concentration of Zn is about 84%. These phases are
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formed between a-brass and Zn during diffusion. Approximation of
constant diffusion flux along the diffusion direction within the width of each
phase is used (so-called constant flux method) for describing the growth
kinetics of the phases which was theoretically grounded in [2]. This
technique necessitates no allowance for the concentration dependence of
D(C). Deviations from the parabolic law of phase growth in cylindrical and
spherical samples were analyzed in [3] using this method. This method
was applied for describing the growth kinetics of thin y-brass and e-brass
layers in a cylindrical sample at 400°C (Cu was in the centre of the
cylindrical specimens). The y-brass layer grew slower and the e-brass
layer grew more rapidly than in the planar sample [4]. Model of the growth
of an intermediate phase between low-soluble components on diffusion at
grain boundaries involving outflow was suggested in [5] and criteria for a
transition from the Fisher regime t"*to a parabolic one were established. It
was proved in [6] that perpendicular grain boundaries do not influence
phase growth kinetics in B-regime. This result allows us to use the well-
known model of a polycrystal as a 3-D array of grain boundaries to be
perpendicular to the interface for describing the phase growth. There were
no explanations in [5] and [6] how one can solve differential diffusion
equations because of a very complicated method. The formalism
suggested was extended to the case of the growth of a solid-state solution
with an exponential concentration dependence of the diffusion coefficient.
Analytical solution and Monte Carlo modeling of the Kirkendall effect were
suggested in [7]. Grain boundary diffusion parameters determination using
A-Kinetics of intermetallic layer formation was proposed in [8].
Experimental data on CusZng (y-brass) diffusion growth kinetics were used
in [8] and [9] for separate determination of the volume diffusion activation

enthalpy and the GB activation enthalpy. One can improve the methods to
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solve the diffusion equations for the growth of intermediate phase in
bicrystals, polycrystals and inside grains.

2. Models and methods

MODEL 1. A model of the phase layer growth during the intermetallic
compound formation with a narrow concentration range of homogeneity
inside grains is based on the following assumptions:

1. An intermediate phase 71 forms inside grains from a point source of
substance A that is surrounded by substance B. The point source has a
diameter of & = 1 nm. The dislocations steps can be the point sources in
nanometers scale.

2. Dislocation pipe is easy path for A-atoms to go from substance A to the
dislocations steps with a diffusion coefficient Dy = D, and a diameter of 6 =
1 nm.

3. Formed spherical phases 1 broadens in 3-D space from the dislocations
steps due to diffusion with a diffusion coefficient D; (D<D<Dy).

METHOD 1. One can use constant flux method [3] to get differential
equation for intermetallic compound growing inside polycrystals grains

from a point source and forming small spherical particles:

Ar iR(r)DlACl

) dR
T = 5= 4RO Ry 2 o
R(t)-©
2
dR(1) ., . DAC,
or 7 R (t)=—2c1 6 (2)

3D AC. O
and the solution R(t) = 3 /#3\/; .
1

3)
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MODEL 2. The model of the phase layer growth during the intermetallic
compound formation with a narrow concentration range of homogeneity,
ACy, in bicrystals is based on the following assumptions [5], [6]:
1. An intermediate phase forms at first on the basis of the grain boundary
(GB); the latter, transforming from the boundary A-A to the boundary 71-7,
remains, due to easy influx with a diffusion coefficient D, and having a
thickness of & = 1 nm (i.e., the GB is not overgrown with a new phase and
does not bifurcate).
2. Formed phase 1 broadens normal to the GB due to volume diffusion
with a diffusion coefficient D<<D,,.
3. At all the points of the formed 7-A phase boundary between the
broadening phase 1 and the matrix A the concentration of the component
B is C; on the side of phase 7 and is zero on the side of phase A (solubility
of Bin A is ignored).
4. Outflow from the GB is the same at all GB points:

oC AC(x AC 2DAC

ox - x(t,(y; - x(t,(l)) ; x(10) = C, i ' (4)

5. A flow in the volume of a phase wedge normal to the GB is constant
along x (a corresponding property is proved in [2]) in a reference system
associated with the moving nose of the wedge, y(t).

The equation for y(t) has such form [5], [6]:
dy() _ A4 p ()

dt y(t) At )
D AC 1 [2DAC
A — b 1 B - 1
where —C1 , S C,

There were no explanations in [5] and [6] how equation (5) can be solved
as a very complicated method was used. A simpler method can be pointed
out.

METHOD 2. One can simplify equation (5) by the following way
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(1), 2B
L=z,
where z(t) = u(t)v(t) = y; (1) .

One can transform equation (6) into

du( ) dv(t)
()2
dv(t)

Assumption «f v()=0 leadsto Vv(f)=e

v(t) +u(?)

Next step gives:

A A A
u(t) = 2AJ-e4Bﬁdt = E\/;e”‘ﬁ Loty —C,.

4B* B
General solution of equation (6) is as follows:
A A
z(t) = =t Cye 48
B B

Using initial conditions z(t=0)=0 one can obtain finally

2(1) = g (- ety

e—4B\/?)

or Y(t) = \/—\[—

Equation (11) show the Fisher diffusion regime

D?8°AC
1) = 4|22 2 4fy
y(?) ,/ 2DC,
[D, D
25 < y(t) < —L56.
for D y(t) D

3. Analysis

4B2

4Bt

(8)

It was proved in [6] that perpendicular grain boundaries do not influence

phase growth kinetics in B-regime. This result allows us to use the well-

known model of a polycrystal as a 3-D array of grain boundaries to be
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perpendicular to the interface for describing the phase growth. The growth
phase layer law in polycrystals for diffusion time
D C,5°
8D AC,

tl 1
7ﬁ7
4 2

(13)

is parabolic because volume diffusion is more pronounced than GB
diffusion.

Parabolic diffusion regime is valid in micrometers and millimeters scales

[4]

for y(t)>—b5 5], [6]:

() = 2DAC1\/;.

Parabolic diffusion regime is valid in nanometers scale and the growth

2D,AC
phase layer law is as follows: y(t) = e :
1
(15)
A comparison of equations (3) and (15) show that

, Co°’ )
11 : 16

273 AC] 2D5 (

2

D;C,8? D, |}

1t ~__b0 717 t ~ b )
One can find: ©1 1 6DAC and »( lﬁl) (21)1) :
3 4 1 1 3 4

(17)

4. Summary
The growth law of the phase layer during the intermetallic compound

formation with a narrow concentration range of homogeneity is parabolic
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Cco’ | D]
for diffusion time < AC 2D - The growth phase layer law inside
1

polycrystals grains is proportional to 3/t in about 100 nanometers scale for

C,o° / D; e D;C/5?
diffusion time ~—— 3.~ . Thegrowth phase layer law in
AC, \ 2D° 6D’ AC, 9 P y

bicrystals in B-regime is the same as the Fisher solution: the phase wedge
D;C/5? oy D}C,5°

-7 - t‘ P S S—
6DAC, §DAC, © he

is proportional to 4t for diffusion time

phase wedges and roughness are smoothed during phase growth [6], [4].

Smoothing rate is the more pronounced, the smaller the roughness radius

[3], [10], [11]. The growth phase layer law in polycrystals in micrometers
D;C,8?

and millimeters scales for diffusion time 8D3AC1

is parabolic

because volume diffusion is more pronounced than GB diffusion.
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