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Abstract. The paper is devoted to the study of phase-frequency characteristics of an
inductance coil with a ferromagnetic core. Such a coil, unlike a coil without a core, has
significantly nonlinear properties associated with active energy losses due to heating of the
core by eddy currents, hysteresis losses and reactive energy leaks to the magnetic leakage flux.
The nonlinearity characters are described by many parameters, which leads to difficulties in
finding exact solutions to the obtained differential equations. In some cases, when a sinusoidal
voltage is applied to the coil, in approximate solutions the current passing through the coil is
replaced by its effective value, for which a simplified linear equivalent circuit is constructed.
We study one of such widespread simplified equivalent circuits. The parameters of the special
points of the phase-frequency characteristic are found.
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Kuiscoxuii nayionanvHuil yHigepcumem mexHono2itl ma ou3auny
OCOBJINBOCTI ®PAZOYACTOTHUX XAPAKTEPUCTHUK
CHPOLIEHOI CXEMH 3AMIIIEHHS IHAYKIIHHOI KOTYIIKHA
3 PEPOMATHITHUM CEPAEYHUKOM

Anomauin. Poboma npucesauena 00cniodnceHto hazo80-4acmomuux xapaKmepucmux
KOMYWKY THOYKmMusHocmi 3 epomacuimuum oceposm. Taxa xomywka, Ha GiOMiHY 6i0
KOmMywKy 0e3 cepoeuHuxa, Mae Cymmego HeNiHIliHI 81acmueocmi, no8'a3ami 3 empamamu
AKMUBHOI eHepeii Ha HA2pIBAHHA CepOeYHUKA BUXPOGUMU CMPYMAMU, SMPAMAMU Hd
eicmepe3uc ma UMoOKaMU peakmuHoi enepeii Ha MazHimHuL nNomiK posciroeants. Xapakxmepu
HeNIHIUHOCMI ONUCYIOMbC Oazamovma napamempamu, wo Hpu3eooums 00 CKIAOHOWIE y
3HAXO0OHCEHHI MOYHUX PO36'A3KI6 OMPUMAHUX OUDepeHYianbHUuX pieHAHb. YV 0esaKux eunaokax
npu Oii Ha KOMYWKY CUHYCOIOAIbHOW HANPY20l0 8 HAOIUNCEHUX DIUEeHHAX CMPYM, WO
NPOXoOUmsb yepe3 KOMYWKY, 3aMIiHIOIOMb U020 Oi0YUM 3HAYEHHAM, OJisl K020 0y0yembCs
cnpowena niHituHa cxema 3amiwjenns. Mu 0ocniodcyemo 00Hy 3 MAaKux NOWUPEHUX cXeM
3amiwjenns. 3natioeHo napamempu 0coOIUBUX MOUOK (Pa3080-4aCMOMHOI XApaKmepucmuku
yiel cxemu 3aMilyeHHA.

Knrwouoei cnoea: kxomywku —iHOYKmMuUHocmi 3  (DepOMACHIMHUM — OCEPOSIM,
Gazouacmomna xapaKkmepucmuka, CnpoujeHa cxema 3aMiuyeHHs.

Introduction. Statement of the problem. A coil placed on a ferromagnetic core is the
most common element of alternating current electromagnetic devices. Its properties, to one
degree or another, are characteristic of all electromagnetic devices, which consist of coils
(windings) and a magnetic wire. Such devices include electromagnetic relays, transformers,
magnetic amplifiers, electric machines, and others.

If a coil made of copper wire is placed in the air or on a frame made of non-
ferromagnetic material, then it will be an element in an alternating current circuit with
parameters R (the coil heats up when current flows through it) and L (the coil creates a magnetic
flux @ in the air. The equivalent circuit of such a coil is a series connection of ideal resistance
and inductance.
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If the same coil is placed on a closed ferromagnetic core (Fig. 1), its properties change
significantly. As before when leaking in the alternating current coil, it creates a small magnetic
flux dg, the magnetic lines of which are closed mainly in the air. This flow is called a dissipation
flow, because it does not participate in the electromagnetic transfer of energy to other coils
(windings) located on the same magnetic line. At the same time, the coil creates a large
magnetic flux @ in the magnetic circuit. Due to the fact that the relative magnetic permeability
of ferromagnetic materials is large, the magnetic flux in the ferromagnetic conductor @ will be
much greater than the magnetic leakage flux .

i
gL L R R
== e
Source: compiled by the author based on [1-5].
Fig. 1. Inductance coil Fig. 2. Equivalent circuit

If the active resistance of the wires of the winding R; and the inductive dissipation
resistance of the coil L; are taken outside, then the so-called idealized coil will remain on the
magnetic circuit, the properties of which depend on the properties of the magnetic circuit and
its mode of operation. The conductors of such an idealized coil have no ohmic resistance and
do not create a leakage flux. However, such a coil creates an alternating magnetic flux @ in the
magnetic circuit and, accordingly, has an inductance. At the same time, the magnetic flux @
creates eddy currents in the magnetic circuit and periodically remagnetizes the core.

Therefore, the substitute circuit of the idealized coil should also have an active resistance
R2, the losses in which should be equal to the losses in the magnetic flux. These losses are
determined by the eddy currents in the steel, which determine the nonlinear current-voltage
characteristic of R..

In addition to eddy current losses, steel cores also have steel remagnetization losses —
hysteresis losses (if the hysteresis loop is wide enough), which are also non-linear.

The main magnetic flux is not proportional to the current, as it is connected to it by a
nonlinear magnetization curve — this is the second nonlinear reactive element L.

Due to the presence of nonlinear elements, when connecting a sinusoidal voltage to coil
Fig. 1, the passing current will be non-sinusoidal. However, when creating devices with
ferromagnetic cores, they try not to use deep saturation modes, because in this case, leakage
currents increase and higher harmonics appear, which reduce the operational properties of the
device. This leads to the fact that the shape of real current curves differs little from the
sinusoidal one. Therefore, when replacing the real current with a sinusoidal one with the same
effective value, it is possible to use the methods of calculating linear circuits for a simplified
equivalent circuit. Currently, the parallel equivalent circuit shown in Fig. 2 is widely used [1-
5].

R is the active resistance of the coil, taking into account the heat losses in the copper
wires. L1 is the inductive resistance caused by the magnetic leakage flux. Rz is the active
resistance of the heat losses in the core. L is the inductance providing the main magnetization
flux of the core.

The object of our study will be the equivalent circuit shown in Fig. 2. We will study its
amplitude-frequency and phase-frequency characteristics. These functions depend on four
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parameters — Ry, L1, Rz, and L2. We managed to reduce these functions to only two parameters
using a suitable change of variables, which allowed us to analyse them depending on the input
parameters of the equivalent circuit. At the same time, the amplitude-frequency characteristic
turned out to be of little interest — it is a monotonically increasing function of frequency. On
the contrary, the phase-frequency characteristic has two special extreme points for some values
of the initial parameters. The exact frequency values that correspond to these special values of
the phase shift were found.

Amplitude-frequency characteristic. The frequency behaviour of a linear circuit is
completely determined by its complex impedance. For the circuit shown in Figure 2, the
complex impedance is calculated as follows [6-9]:

. JjoL,R,
Z =R+ jol, +—22_
ok 1)
Its real and imaginary parts are always positive:
o’ L3R LR
Re(Z)= —22_50;Im + >0. 2

The complex impedance Z(@,R,R,,L;,L,) depends on four parameters of the original

circuit. We transform the expression for the impedance to reduce it to two unknowns, which
will allow us to conduct a detailed analysis of it.
Let us denote by

=t bnpme B e

Ll ’ Rl + RZ ’ R_Z (3)
Then
o )

The constant factor (R, +R,) does not depend on the frequency, so further we will
analyse only the behaviour of the function Z from the reduced frequency t, depending on the
parameters k and m, without taking this constant factor into account.

The impedance module determines the amplitude-frequency characteristic of the circuit.
To study the impedance modulus, we introduce the following variables

_RL b=1+a+z_1,Kd=M)

R.L, m& n; - R~ mk-1) ®)

Then the impedance can be written as

(1—at®) + jbt

Z=R
S

(6)
Then

a’+2a-b*+1

|Z|2:R12(a2t2+(b2_32_2a)+ 241 j; |Z(O)|=Rl (7)

For t — oo, the impedance modulus asymptotically approaches a straight line.
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Z|~Rat = by =—t—L1a) (8)
L k-1

2

The physical meaning of this result is that at high frequencies the main resistance to the
passing current is provided by the series-connected loss inductance due to the magnetic leakage

flux.
To find the extreme points of the impedance module, we equate its derivative to zero.

We get the following equation: a’t* +2a’t* +(b* —2a—1)=0. Since a+1<b this equation has
no roots. This means that the impedance modulus has no extreme points and increases

everywhere.
A typical graph of the impedance module (amplitude-frequency characteristic of the

circuit) looks like the one shown in Figure 3.

16

<] Z(tk,m)| k=20,m=0.2

Source: author's development using a computer program.‘
Fig. 3. Amplitude-frequency characteristic of the circuit

Phase-frequency characteristic. To analyse the frequency dependence of the phase
shift between the voltage and the current passing through the circuit, we will consider the
tangent of the argument of the complex impedance of the circuit:

_Im(Z(t)) 1-m 4kt R, L[, (k-m)t) _
an¢_Re(Z(t)) k-1 t2+m R +R, L, (H t? +m ; ang(0)=0. ®)

For t — oo, the tan ¢ asymptotically approaches a straight line with equation

R1 R L R1 +R,
The fact is that at high frequencies the phase shift is almost independent of the main

inductance L, — the main magnetic flux passing through the coil core.
The extreme points of ¢(t) coincide with the extreme points of tan(e(t)). To find them,

we differentiate the function tan(e(t)) and find its roots.

tan ¢g(t) ~

d L Loy 1=t
tan(¢5(t))—Fel R L [1 (k—m) - t)j (11)
%tanw(t»:oj(t%m)z=(k—m)(t2—m)- (12)

184



V BCEYKPAIHChbKA KOH®EPEHIIIA 3/0FYBAYIB
BHII[OT OCBITH I MOJIOJHX YYEHHUX
«IHHOBATHKA B OCBITI, HAYI]I TA BI3HECI:
BHKJIHKH TA MOJKJIHBOCTIy

IVIAT®OPMA 2.
IHHOBATHUKA B HAYIII: CTAH TA BUK/IUKH
B YMOBAX BO€HHOI'O YACY

The resulting equation has the following roots:

% =%(k—3mi\/(k—m)(k—9m))- (13)

From these formulas, we obtain the conditions for the existence of extreme points of the
phase-frequency characteristic. For k >9m we have two extreme points. For k <9m there are
no extreme points, the phase-frequency characteristic increases monotonically with increasing
frequency. Note that k >1, m<1 and (k —3m)* > (k —m)(k —9m).

In the initial parameters, the condition for the existence of two extreme points of the
phase-frequency characteristic is written as follows:

Lo R o
L R+R,
Typical graphs of the phase-frequency characteristic for some values of the parameters
k and m are shown in Figures 4, 5. We prefer to use the graph of the phase shift tangent instead

of the graph of the phase shift itself, since it is more informative and the asymptotes and tangent
lines are clearly visible on it. Figure 4 shows how tan(¢(t)) changes with a change in m at a

constant k, and Figure 5 shows how tan(¢(t)) behaves at a constant m and a change in k.

(14)

tan tan(e(1))

k=20,m=04
k=20,m=0.8
=20,m=0.9
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Source: author's development uéing a computer program.
Fig. 4. Phase-frequency characteristic of the circuit at a constant k
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k=10,m=0.3

k=100,m=0.3

k=100.m=0.3
Source: author's development using a computer program.
Fig. 5. Phase-frequency characteristic of the circuit at a constant m
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Let us now return to our main parameter @ . The extreme phase frequencies @,, @, will

be calculated using the formulas:
1 R?
coz:E-L—g(k—3mi\/(k—m)(k—9m)). (15)

2
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It seems quite natural that almost every passive element used in electrical engineering
and radio engineering behaves differently at high and low frequencies. However, the definition
of high and low frequency boundaries for a given element is often introduced in a purely
subjective manner. For the coil under consideration, the concept of high and low frequencies
can be naturally formalized. On the intervals @ <@, and ® > w,, the behaviour of the phase

and frequency has a significantly different character. While within these intervals, the behaviour
of the phase and frequency is more or less uniform. The condition of the presence of two
extremes for real coils is usually fulfilled — this is a reflection of the fact that the energy of the
magnetic leakage flux is significantly less than the energy of the main magnetic flux inside the
core.

The interval (@;®,) is a transition interval from low to high frequencies. Let us
calculate the length and middle of this transition interval:

Aco:coz—a)l:%\/k—?;m—Z\/km ; % —-—-\/k 3m+2vkm . (16)
2

(16)
Assuming that %D 1 (which is also quite common), one can write down convenient
approximate values for the frequencies found:
- (k=3m)?—(k—m)(k-9m) 2m .

2(k—3m+\/(k—m)(k—9m))_1_3m \/(1_}(1_%) " (17)

K k k

:%1{1__ /(1—_)(1——] . (18)

Transition interval t e (vm;~/k) . For frequency @, we obtain an approximate interval

Ry R, R L
w, »—% [1+—2. (19)
R+R, - L\ L

At low frequencies, tan(¢(t)) can be approximated by a tangent line at point O to the
graph of the function tan(¢(t)):

(,; @,) where @, =

tan(g(t)) ~ tan(y) -t where tan(y) :%tan@ﬁ(t))(t 0) _EZ Ll:'z : (20)
At high frequencies, tan(g(t)) is also approximated by a line
. a )= b
tan(g(t)) = tan(o) -t where tan(o) = tan(¢(t))(t ) R+R L, (21)

Conclusion. As a result of the study, hitherto unknown the exact formulas for special
frequencies of the phase-frequency characteristic of an elementary simplified equivalent circuit
of an inductance coil with a ferromagnetic core are found (formula 15). The applicability
intervals of low frequency and high frequency approximations of the parameters of such a coil
are found (formulas 16, 19). The behaviour of the phase shift in the transition interval is
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described (Fig. 4, 5). Typical graphs of the amplitude-frequency and phase-frequency
characteristics of such an equivalent circuit are given (Fig. 3, 4).
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